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ABSTRACT

The problem of estimating the distribution of detection ranges, e.g., of a p
sonar or raer, injwhich there is no information on the total number of detection
opportunities or the target tracks, has been treated in OEG IRM-7, (reference
(1)). A more detailed discussion of the assumptions and derivations is presented
here; the result differs slightly from that given in IRM-7.
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We are given an observer with a detection device, and a coilection of
numbers r. ,-I, ... N, representing the ranges at which targets of a

ccrtain type have been detected. It is assumed that the detection device has
a range r, called the detection range, which varies randomly as time passes, 0
but that it is essentially constant dtriig the passage of any one target. A
target is assumed to be detected, at range r, if and only if it passes within a
range r of the detection device. The path of each target is a straight line.
Only one target at a time passes by.

It is known that there are cases in which targets pass directly by the
detector and go undetected. We may think of the detector as "not working" in
such.cases. It is easy to include this situation in our model; we simply define
"the detection range r to be r=-I when the device is not working. If I is the

0
- probability that the detection device is not working, then, of course, r = -1

with probabihty r . We cannot estimate o in the situation described here.
0 r0

The main thing is the assumption that the detection range against the given
type of target is a random variable associated with the detection device; it does
not depend on the individual target, or indeed, on the presence or absence of a
target. During the total time of the "experiment, " N targets were detected, at
ranges r 1  .... rN ; we don't know how many targets passed by that were not
detected.

We shall denote by 0 the lateral range of any target (detected or not); this
is the shortest distance from the observer to the straight line path traversed by
the target. i.e., the "distance of closest approach." From the definition of the
detection range, we see that a target is detected if and only if oi: 0:g r. Both
o and r are random variables; 0 is associated with the target, and r with the
detection drvice. It follows that p are -r are independent random variables.

In the following. r0 denotes an arbitrary, but fixed, positive numbcr.

We are inrerested in two fLnctions:

ft(r 0 Pr(rz ), (1)

and

L(ro) Pr(a target is detected, given that its lateral range
is r

3
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The firsz f unction f(r)0 depends only on the dette,:Oioa dovice, but wt- can

estimate it only through observed detections, i. e., targets are ncý,ded.

The probabiitzy space that is involved here is eviduently the (~r) plane, S

p :o, r z - 1. The obs erved rauges rV... r N of the detected targets are

* -independent samnples of a certain probability distribution. This distribution is
nothing more nor'less than the distribution of detectior rainges (of the detection

* device)&=ve a (target) detecti'on, i.e., the distribdutin of r given o .,c r,
if we recall that a target is detected if and only if o _< o r.

*Regarding (2), we can write

L(r )Pr(o s: rl o'=r)
00

Pr(o !c r 0 ricoer) 0

0

Heace0

L(r) Pr(r !r r) f(rj. (3) * .
0 .0 0.

by (1). This appear's in [I 3 as Theo-rem, 1.
*So allwe need n'owis a reasonable estimate for f(r) Since we have

* plenty of .3amples. of the distribution ol r given detection, we can write

4n
Pr(r r < r +.A r I detection) __ -~ (4)..

.0 0 aN

in whichi An is the numnber of observed detections with ranges in the interval
*(r, r + Ar r t oa, aiid Nis the total number of detections. But

Pr(r 0 i r < r 0+ ar 0 detection).

*Pr(r-s r <r + Ar -o f;. r)(5

-Pt~r ~r <r '+Ar and 0 •r)
0 0 0

4 r 0 r
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Let x = Pr(0 i r) Pr(detection).

Now the numerator of (5) differs only negligibly from

Pr(r 0r<r +Ar and C r

if Ar is small, and provided that 0 has a continuous distribution.
Since ,ro i r< r < +A r and fn & ro } are independent events, (4) and(5)

now yield

Pr(ror : r r+Ar. (r(5 r) n

or

Pr(r •r<r. r < A n (6)Lj0 0 N Pr(Pr 0 )

'Now let us suppose that o is uniformly distributed in an interval
o -O KR. Then (o) becomes

Pr(r •ýr<r 4 ar)--a R An0rr + 0 o <r<r N ro

if r < R. (7)
0

"-• An if r aR.

In an unpublished working paper, J. Neueudorffer, who first considered
this problem, groups his observed ranges into range bands. While his
estimate is basically good, it contains an artificial bias that is introduced by
the choice of end points for his range bands.

Here we shall simply take as our estimate for f(ro) - or rather I - f(ro),

L which is noadecreasing - that discrete distribution which is determined by
the right side of (7). That equation will be satisfied if we take the jumps in
I - f(r) - we drop the subscript from r -0 to be located in r = -I and
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r=r . . . . . . rN with magnitudes o' . in which

Pr(r -1). unknown,

2L ifr. R ,
0 I

(8)

i-- N if ri >R.

By summing for i = I......N, we obta;in

L7~~r 1  +(9)
t - ¢o N ri C R r,

ip

in Which M is the number of observed r. larger than R. From (9). we caniiestimate a/N:

a/IN = - -
--+ M (o

and (8) can be wr--itten
I

0/ Pr(r =-1),

0 ifr R

+ M
rr•R j

6_-_- __ ifri>R0 1
L., --- +M

I rj•R rI
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and finally.

•f(r) = E )' = 12r
r. 2: r

1I

This estimate, for r Z o, contains the unknown in the constaat

factorl -I which does not affect the shape of the curve.
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Reference: 1. C. F. Kent, Prct, ssing IDtection Data Gathered froni Targets
of Opportunity, OEG IRM-7, 29 Dec 196!

I0

I,

II

I.

* I
- - - -- -i- - * - t


